Abstract. Working within the framework of the classical theory of electrodynamics, we derive an exact mathematical solution to the problem of self-field (or radiation reaction) of an accelerated point-charge traveling in free space. We obtain relativistic expressions for the self-field as well as the rates of radiated energy and linear momentum without the need to renormalize the particle's mass -or to discard undesirable infinities.
(1)
In the Lorenz gauge [15, 16] , the scalar and vector potentials throughout the spacetime ( , ) are found to be ( , ) = 
(See Appendix A for a detailed derivation of the above formulas.) Since the one-dimensional -functions that appear implicitly in Eqs. (3) and (4) 
The multiplication of rad ( , ) by ′ = 1 − cos in the above integrand is necessitated by the fact that the Poynting vector at ( , ), being the rate of radiated EM energy per unit (local) time , is obtained as a result of normalizing the energy flux by ∆ , whereas our desired radiation rate should be normalized by ∆ ′ . Finally, note that in the non-relativistic regime, where =̇( ′ )⁄ is negligible, the radiation rate according to Eq.(19) is simply the product of the constant coefficient (2 2 3 3 ⁄ ) (4 0 ) ⁄ and the square of the particle's acceleration ̈( ′ ). Other interesting special cases are the case of circular motion, where ̇( ′ ) is perpendicular to ̈( ′ ), and the case of oscillatory linear motion, where ̇( ′ ) is aligned with ̈( ′ ).
It is also possible to integrate the radiated momentum-density ( , ) = ( , ) 2 ⁄ over a thin spherical shell of large radius and infinitesimal thickness ∆ = ∆ = ( 
At non-relativistic velocities, the second bracketed term in the above equation becomes negligible. In the special theory of relativity, the mechanical momentum of a neutral particle of mass is known to be ( ) = ( ) ( ), where ( ) is given by 1 �1 − 2
The time-rate of change of this mechanical momentum, ̇( ) = ( )̇( ) + 5. Radiation reaction. In the absence of acceleration (i.e., when = 0), the integral of the -field of Eq.(16) over a small sphere of radius vanishes. This is consistent with the fact that a uniformly moving chargedparticle does not radiate and, therefore, cannot be subject to radiation resistance. In general, when the velocity ̇( ′ ) and acceleration ̈( ′ ) at the retarded time ′ have arbitrary magnitudes and orientations, the average of the -field at time over a spherical surface of radius centered at the retarded position of the particle is given by (see Appendix E): 
Thus, at non-relativistic velocities where is negligible, the spatially-averaged -field over a spherical surface of radius centered at the retarded position of the accelerated point-particle will be ave ( ) ≅ −⅔̈( ′ ) (4 0 2 ) ⁄ . It is seen that the average -field surrounding the point-charge goes to infinity as the radius of the sphere approaches zero. This, however, is not the full story, as the heretofore neglected contribution of the advanced -function must now be taken into consideration. Returning to Eq.(13), we observe that the advanced -function's argument vanishes when ′ = + | − ( ′ )|⁄ , at which point,
We thus have
As shown in Appendix F, the advanced -function gives rise to a second contribution to the -field in the vicinity of the point-charge, which is given by
Although the sign of in Eq.(25) differs from that in Eq.(16), the averaged -field over a spherical surface of radius centered at the (advanced) position of the particle turns out to be the same as that in Eq.(21) -albeit with the time at which and are evaluated being the advanced time
6. The self-field. In the limit when the radius of the sphere surrounding the particle approaches zero, the retarded time ret ′ and the advanced time adv ′ approach each other from the opposite sides of the present time , i.e., the time at which the -field is being evaluated, such that adv ′ − ret ′ = 2 ⁄ . In the limit when → 0, we must then take one-half of the difference between these two (space-averaged) -fields in accordance with Eq. (13), in which the advanced and retarded -functions appear with negative and positive signs, respectively. (The ½ factor accounts for the fact that only one half of each -function contributes to the integrals being taken over ′ from −∞ to .) The actual self-field of the point-particle is thus given by
In Appendix G we calculate the derivative with respect to ′ of ave ( ) given by Eq. 
In the above equation, =̇( )⁄ is the normalized velocity of the point-particle. Equation (27) is the exact expression of the self-field acting on a point-charge moving in free space with instantaneous velocity ̇( ), acceleration ̈( ), and time-rate-of-change of acceleration ⃛ ( ). At non-relativistic velocities where is negligible, the self-field is given by self ( )
7. Concluding remarks. The self-field exchanges energy ℰ with the point-charge at the rate of ℰ( ) = ( ) • self ( ). At non-relativistic velocities ( ≪ 1), we may write
A comparison with the non-relativistic limit of Eq.(19) reveals that the last term in Eq.(28) accounts for the radiated energy during the ( 1 , 2 ) interval. The remaining term, i.e., that within the square brackets, must then be the energy exchanged between the electromagnetic and non-electromagnetic components of the massenergy of the particle. If it so happens that the product of velocity and acceleration, namely, ̇•̈, at 2 has returned to its initial value at 1 , then the action of self on the particle during the ( 1 , 2 ) interval can be said to have resulted solely in the release of the radiated energy. This would be the case, for instance, for a particle in periodic motion with an oscillation period = 2 − 1 . Alternatively, a particle moving around a circle at constant velocity will have orthogonal velocity and acceleration vectors, resulting in ̇•̈= 0. Under such circumstances, the self-field is directly related to the radiated EM energy. In general, however, any temporal variations of the product ̇•̈ would indicate a mass-energy exchange between the two components (i.e., EM and non-EM) that constitute the inertial mass of the particle. The relativistic mass
, of course, varies with time as the particle undergoes acceleration and/or deceleration. It appears that the division between EM and non-EM components of the mass-energy of the particle is also a function of time, thus requiring a continuous exchange of energy between the point-particle and its associated EM field -an exchange that is presumably mediated by the action of the self-field on the particle.
The validity of the self-field as given by Eq.(27) comes under scrutiny if one considers the case of a point-charge moving around a circle of fixed radius at a constant angular velocity . The particle's linear velocity ̇( ) will then have a constant magnitude , its acceleration ̈( ), being orthogonal to its velocity, will have a constant magnitude , and the time-derivative ⃛ ( ) of its acceleration, while aligned with −̇( ), will have a constant magnitude 2 . The self-field of Eq.(27) may then be simplified, as follows:
Thus, the instantaneous rate of exchange of EM energy between the field and the particle is found to be 
However, in accordance with Eq.(19), the instantaneous rate of radiation of EM energy must be given by
Clearly, the action of the self-field on the particle does not account for the radiation rate at relativistic velocities. Considering that, in the present situation, the EM and non-EM contributions to the inertial mass of the particle should be time-independent, it is difficult to fathom the discrepancy (albeit at relativistic speeds) between Eqs.(30) and (31). A plausible explanation might be that the point-particle should not be assumed to remain spherical at relativistic speeds; hence our Eq.(21), which has been derived by averaging the -field over a spherical surface surrounding the point-charge, would lose its validity for relativistic particles.
Appendix A
In free space, where permittivity and permeability are denoted by 0 and 0 , Maxwell's equations in the presence of free charge-density free ( , ) and free current-density free ( , ) are written
• ( , ) = 0.
The vector potential ( , ) is defined as the field whose curl produces the -field, that is
Consequently, Maxwell's third equation, Eq.(A3), ensures that + is curl-free, which enables one to define the scalar potential ( , ) as a scalar field whose gradient (aside from an inconsequential minus sign) is equal to + , that is,
Substitution from Eqs.(A5) and (A6) into the remaining Maxwell equations (A1) and (A2) yields
Considering that
, and that, in the Lorenz gauge, • + (1 2 ⁄ ) = 0, where = ( 0 0 ) −½ is the speed of light in vacuum, Eqs.(A7) and (A8) can be streamlined as follows:
Fourier transforming the sources free and free , and also the potentials and , we write, using the standard four-dimensional Fourier operator,
Substitution into Eqs.(A9) and (A10) now yields
At this point, one might be tempted to divide both sides of Eqs.(A15) and (A16) by 2 − ( ⁄ ) 2 in order to arrive at expressions for ( , ) and ( , ). However, given the singularity at = ± , it is advisable to insert a pair of -functions at these singular points and express the complete functional form of the potentials in the following way:
The necessity of introducing the pair of -functions will be appreciated if one tries to evaluate either potential, say, ( , ), for the arbitrary source distribution ( , ) in the absence of the -functions. One finds
Evaluating the inner integral in Eq.(A19) using complex-plane integration yields
The potential, however, should not depend on future times ′ > , so we need to augment the transfer function
⁄ with the -function pair ½i( ⁄ )[ ( − ) − ( + )] in order to eliminate this undesirable feature of the response function. The result is a doubling of the function appearing on the right-hand-side of Eq.(A20) for > ′ , and its vanishing for < ′ . We thus have
The final result in Eq.(A21) is the standard expression for the scalar potential in the Lorentz gauge. In the penultimate line of Eq.(A21), the "retarded" -function has been retained while the "advanced" -function is discarded. Nevertheless, it turns out that both -functions contribute equally to the "self-field" of an accelerated point-charge. In the analysis of Sec.5, we have argued for the retention of the latter -function.
This -function does not contribute, because its argument vanishes only when ′ > .
Appendix B
In order to determine the electric field ( , ) of the point charge, we evaluate the partial derivatives of the potentials ( , ) and ( , ) with respect to the spacetime coordinates. Considering the functional dependence of the potentials on the retarded time ′ , our first step is to compute the partial derivatives of ′ with respect to , , , and , as follows:
Equations (14) and (15) thus yield
The derivatives of ( , ) and ( , ) with respect to the remaining coordinates ( , ), being similar to those with respect to given by Eqs.(B6) and (B8), need not be written explicitly.
Digression: Confirming the Lorenz gauge condition:
We are now in a position to derive the electric field of the point-particle with the aid of the scalar and vector potentials. Using Eqs.(B6) and (B9), the -field of the traveling point-charge is found to be
, and define =̈( ′ ) 2 ⁄ and =̇( ′ )⁄ . Defining the unit-vector � as ⁄ , and denoting the angle between and by , the above expression for ( , ) is streamlined, as follows:
Equation (B12) is the expression of the electric field of the accelerated point-charge at time and distance from the location of the particle at the retarded time ′ .
Appendix C
Here we compute the -field of the moving point-charge. From Eq.(B8) we have
(C1) Similar expressions exist for and . We thus find
(C2) Consequently, the complete expression of the -field at the observation point ( , ) is given by
Using the parameters , � , , , and introduced in Sec.4, we may now write the above equation as follows:
A comparison with Eq.(16) reveals that ( , ) = � × ( , )⁄ .
Appendix D
We compute the radiation rate by integrating the Poynting vector over a spherical surface of large radius . The terms that decline as 1 3 ⁄ and 1 4 ⁄ with the distance from the (retarded) position of the particle do not contribute to the radiation rate and will be ignored at the outset. The integral in Eq.(19) is thus written
Working in a spherical coordinate system centered at the location ( ′ ) of the point-particle, with theaxis aligned with the direction of =̇( ′ )⁄ , and denoting by ( , ) the polar and azimuthal coordinates of the unit-vector � , we will have
The integrals of • � and ( • � ) 2 over the azimuthal angle appearing in Eq.(D1) are readily found to be
+2 sin 2 sin cos + 2 sin cos cos
The radiation rate 〈 〉 given by Eq.(D1) may thus be expressed as follows:
The integrals over the polar angle require one or more application of the method of integration by parts. For example, the simplest integral is found to be
All the other integrals are similarly evaluated, although the process could get somewhat tedious. The final results of these integrations are tabulated in Table D1 . We thus find
The rate of escape of EM momentum is computed by integrating the momentum-density ( , ) = ( , ) 2 ⁄ over the surface of a large sphere of radius . Ignoring the terms that decline as 1 
In the above equation, ∫ � d 
Thus, the escape rate ̇( ′ ) of the EM linear momentum, given by Eq.(D7), is further simplified, as follows:
The remaining integrals over the polar angle are listed in Table D1 . The final result is
Equation (D11) gives the escape rate of the EM momentum at time ′ for a particle of velocity ̇( ′ ) and acceleration ̈( ′ ) at the retarded time ′ . At non-relativistic velocities, the second bracketed term on the right-hand side of Eq.(D11) becomes negligible. Note that, if the acceleration happens to be perpendicular to the velocity (e.g., uniform circular motion), then ̇( ′ ) •̈( ′ ) = 0. In contrast, when the acceleration and velocity are collinear -i.e., linear motion with ̈( ′ ) either parallel or anti-parallel to ̇( ′ ) -the bracketed terms on the right-hand side of Eq.(D11) can be combined into ̈2( Table D1 . List of the various integrals used in the calculations leading to Eqs.(D6) and (D11).
Appendix E
We compute the spatial average of the -field over the surface of a sphere of radius at time , with the particle's normalized velocity and acceleration at the retarded time being =̇(
respectively. In our chosen coordinate system, is aligned with the -axis. The -field on the surface of the sphere of radius at time is given by Eq.(16), as follows:
In the absence of acceleration (i.e., = 0), the integrated -field over the spherical surface vanishes, as shown below. (This is consistent with the fact that the uniformly moving particle does not radiate and, therefore, cannot be subject to radiation reaction.)
For an accelerated charged-particle, the last term in the expression of the -field in Eq.(E1) has a wellbehaved integral over a spherical surface of radius , namely, Integration by parts
The remaining term in Eq.(E1) is rather easy to evaluate when and have the same orientation, in which case they make the same angle with the unit-vector � . Under such circumstances, the remaining integral over the spherical surface yields 
Thus, when the acceleration is either parallel or anti-parallel to the velocity , the spatially-averaged -field over a spherical surface of radius will be ave ( ) = In general, however, and will have arbitrary orientations, in which case we will have 
Consequently,
As before, we let = − ( ′ ), =̈( ′ ) 2 ⁄ , =̇( ′ )⁄ , and denote by the angle between and , so that the expression in Eq.(F13) may be rewritten as follows:
( , ) = 
Although the sign of in Eq.(F14) is the opposite of that in Eq. (16), the spatially averaged -field over a spherical surface of radius centered at the (advanced) position of the particle turns out to be the same as that in Eq.(21) -albeit with the time ′ at which and are evaluated being the advanced time, which is given by Eq.(F3).
